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Abstract. For the Riemann zeta and the Dirichlet L-functions, we investigate their behavior 
of the Euler products on the critical line. A refined version of the Riemann hypothesis, which 
is named "the Deep Riemann Hypothesis" (DRH), is proposed. We prove that the analogue 
of the DRH is true for the function field cases. 



1. Introduction 

Let x be a primitive Dirichlet character with conductor N. The Dirichlet L-function is 
expressed by the Euler product 

L(8,x) = Y[(l-x(p)p-T\ (1) 
v 

where p runs through all primes. The product ([!]) is absolutely convergent in Re(s) > 1. It is 
known that L(s,x) has a meromorphic continuation to all s G C, which is entire if x 7^ 1> an d 
has a simple pole at s = 1 if x = 1- 

In this paper we study the values L(s, x) beyond the boundary Re(s) = 1 of the absolute 
convergence region Re(s) > 1 from the viewpoint of its relation to the values of the Euler 
product. Few results are known along this context. The classical results concerning the fact 
that the Euler product ([I]) converges to L(l + it, x) {t G R, t ^ 0) are seen in the textbooks 
for either case x = 1 (EH Chapter 3) or x 7= 1 (|M])- The only work we can find beyond these 
is that of Goldfeld [G], Kuo-Murty [KM] and Conrad [CJ. Goldfeld [G] and Kuo-Murty |KM] 
dealt with the L-functions of elliptic curves at s = 1 with their results supporting the Birch and 
Swinnerton-Dyer conjecture. Conrad [C] treated more general Euler products for Re(s) > 1/2. 

The (generalized) Riemann Hypothesis (GRH) for L(s, x) asserts that L(s, x) 7^ in Re(s) > 
1/2. When % ^ 1, it is equivalent to the following conjecture. 

Conjecture 1. If x 1; then for Re(s) > 1/2 we have 

L(s, X )= hm T\(l-x(p)p-T\ 

n— too -*- 

p<n 

where the product is taken over all primes p satisfying p < re. 

Note that the order of primes which participate in the product is important, because it is 
not absolutely convergent. 

Here we examine a "deeper" conjecture in the sense that we dig into the line Re(s) = 1/2. 
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Conjecture 2 (Deep Riemann Hypothesis (DRH)). //x / 1 and L(s,x) ^ with Re(s) = \, 
we have 

i- TT/1 t \ -s\-X Ti \ 1^2 {s = \ and x 2 = 
hm M(l-x(p)P ) = -&0>»x) x < n / ,r • % 
n->oo 1 (otherwise) 

p<n \ v ' 

where the product is taken over all primes p satisfying p < n. 

The prototype version of this conjecture was proposed in [C]. For a generalization of Con- 
jecture [2] to the case including % = 1> see Akatsuka [Sj . 

It is seen that Conjecture [2] implies Conjecture [TJ but that the converse is not true. It is an 
easy task to obtain numerical support of Conjecture [2j since the convergence of the left hand 
side is fairly fast. 

2. Function Field Analogs 

In this section, we prove an analog of Conjecture [2] for function fields of one variable over a 
finite field. 

Let F p be the finite field of p elements. We fix a conductor f(T) G F P [T] and introduce a 
"Dirichlet" character 

X : (F p [T]/(/)) x ^C x . 
We define the "Dirichlet" L- function by the Euler product: 

L Fp (T)(s,x) = II( 1 " x(h)N(h)- s )-\ 

h 

where h = h(T) G F P [T] runs through monic irreducible polynomials, and N(h) = p de & h . By 
the celebrated work of Kornblum [K], it is proved that the above Euler product is absolutely 
convergent in Re(s) > 1, and is a polynomial in p~ s of degree less than deg / if x 7^ 1- 

We prove the following theorem. 

Theorem 1 (DRH over function fields). Let p, f and x oe as above. Put K = F P (T) and 
assume x 1- Then the following (1) and (2) are true. 

(1) ForRe(s) > 1/2, we have 



hm TT (l- x (h)N(h)-')- X =L K (8,x)- 

deg h<n 

(2) For t£R with Lk{\ + it, x) 7^ 0, it holds that 



hm TT (l-x(h)N(h)-h-*)-± = L K (l+it,x)x 

deg h<n ' ' 



1 (otherwise) 



Proof. It suffices to prove (2), since (2) implies (1). We estimate the product 

E n = J] (l- X (h)N(h)-r 



deg h<n 

by dealing with its logarithm 

deg h<n k=l 



X(h) k n -k(\+it)Aegh 
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We divide the sum into three parts as 

log E n = A{n) + B{n) + C(n) 

with 

rc=l deg h<n/k 

B( n )= ^^p- 2 ^ dc ^ h , 

n/2<deg fr<n 
fc=3 n/fc<deg h<n 

By the above mentioned Kornblum's theorem, we put 

r 

L K (s, X ) = X{(l-\ ] p- s ) 

3=1 

with |Aj| = yjp or 1. Then by taking the logarithmic derivatives of 

- x{h)N{h)-T l = fl(i - A iP -) (Ms) > i) 
h j=l 

and comparing the coefficients of p~ sk , we have 

r 

^ (deg/jM/i) 3 ^ = "E A ^ 

(degh)|fc j=l 

By this identity, the first partial sum A(n) is calculated as 

-{\+it)k k 

k<n (deg/i)|fc 
r n ' \ h 



EE 



1 *j 



By the Kornblum theorem we have 



: Aj 7^ 1. Hence it holds that 



p2- 



< 1 and the assumption L^ih + it, x) 7^ tells that 



lim A(n) = Y log (1 - ] 
= log L^- Q +it, x J . 



Next for estimating i?(n), we use the well-known fact that 

deg /i<n 1 ' 

When X 2 = 1 an d i G logp^' we com P u te that 



B 



w-5 E 
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(l+2it) deg/i 



n/2<deg h<n 

\( E 

\ l<deg h<71 



-(l+2it)degh _ p-(l+2it)degh 
l<deg h<n/2 



Hence 



i ((bgn+ C + O^" 1 )) - (log | + C + 0(n- x : 
i (log 2 + 0(0). 



lim B(n) = logV%- 



Finally, C(n) — > as n — > oo, because sde s h is absolutely convergent in Re(s) > 1. 

Now that k > 3, we have | p - fc (|+^)degh| < p | □ 

Conjecture [2] and Theorem [l] are generalized to automorphic L- functions. See Lownes 



3. Numerical Calculations 

In this section we show some numerical datum which are admitted as evidence of the Deep 
Riemann Hypothesis (Conjecture [2]). According to Conjecture [2j even if we consider along 
the critical line Re(s) = 1/2, the Euler product gives a meaningful value such as L(s,x) or 
\/2L(s,x)- If this is true, the partial Euler product 



converges to L(s, x) or \/2L(s, x) as x 
put L x (s,x) = L(s,x) for x = 00. 



00 even on the critical line Re(s) = 1/2. We formally 



First we give Table [TJ which shows the accuracy of Conjecture [2] at s = 1/2. We find that 
the ratio of y/2L(^,x) and L x (^,x) 1S almost equal to 1 for x = 10 7 , when x is quadratic. 

In what follows we put xia and xib to be the character % modulo 7 with x 2 7^ 1 and x 2 = 1, 
respectively. Namely, if we define the character x modulo 7 by giving the value at the primitive 
root 3 G Z/7Z, we define X7a(3) = exp(ir\/— 1/3) and X7fe(3) = — 1. We also denote by X3 the 
nontrivial character modulo 3, which satisfies x% = 1- 





Figure 1. Real part (left) and imaginary part (right) of L x (l/2 + it, X7a) 
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Figure 2. Real part (left) and imaginary part (right) of L x {l/2 + it,X7b) 





Figure 3. Real part (left) and imaginary part (right) of L x (3/4 + it, X7a) 



Denote by p n the n-th prime number. Figures [TJ [2j [3j [4j [5] and [6] show the datum for the 
values 

L x (^+it, xj, L x (^ + it, xj, L x (l + it,x) 
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Figure 4. Real part (left) and imaginary part (right) of L x (3/4 + it, xib) 





Figure 5. Real part (left) and imaginary part (right) of L x (l + it,X7a) 





Figure 6. Real part (left) and imaginary part (right) of L x (l + it,X7b) 



for x = pio (green), x = pioo (blue), x = piooo (yellow) and oo (red). Figures [TJ [3] and 
[5] are for X7a, and Figures [2j |4] and [6] for xib- This shows as t — > 0, we apparently see 
L x (1/2 + it, X ) -»• £(1/2, X) for X 2 ¥= 1, (1/2 + it, x) -> ^2L(l/2,x) for X 2 = 1, and 
L x (3/4 + it, x) -> £(3/4, x), £x (1 + it, x) -> i(l, x) for X 2 = 1 and x 2 / 1. This supports 
the DRH (Conjecture^. 

We introduce the following error function in order to estimate the speed of convergence for 
L x (s,x), 

' (3 = 1/2 and x 2 = 1) 



5L x (s,x) 



L x (s,x)-V2L(s, X ) 

Lx(s,x)-L(s,x) 
L(s,x) 



(otherwise) 



Figure [7] shows the values of SL x (s, x)- When we approximate the error function as 5L x (s, x) ~ 
x~ a , the exponents are determined by fitting the numerical results (Table [2]). We see the speed 
of convergence becomes faster as the real part of argument gets larger. 
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Table 2. Exponents of 5L x (s, x) ~ % a for xia and X76- 
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Figure 7. 5L x (s,x) for s = 1/2 (red), s = 3/4 (green) and s = 1 (blue) with 
X7a (left) and xib (right) 



In Figures [8j [9] and 10 the blue curves show the values 

1 



Px(t) 



— Im— log L x 
vr dt 



+ it, X 



(2) 



with x = piooo fo r X3> X7a> X76i respectively. The red curves are |L Q + it, x) |- This function is 
an analog of the eigenvalue density function in random matrix theory, ^-function on the critical 
line s = 1/2 + it can be seen as a characteristic polynomial of a certain infinite dimensional 
matrix [KSj IBH] 



1 



"J/1 



, ; II" 

i=l 

where $(£) is the Riemann-Siegel theta function 

0(t) = Im log rf|-^ -^logrr. 

There is also a similar representation for L-function on the critical line. Thus when we define 
the density function of the nontribial zeros on the critical line as 



Pit) 



i; 



1 °° 1 
— Im > 

7T ^— ' X — 



"(ft 



Im — log - / 



the function Q should converge to this density function in the limit of x — > oo, up to the 
factor coming form $(t). Apparently the location of the zeros of \L{\ + it, x)\ agrees to that of 



the peaks of p x {t) in Figures M and 10 This suggests that the first few primes already know 



the nontrivial zeros of L(s, x)> and that the Euler product is meaningful beyond the boundary. 
The leaps in the red curves correspond to the zeros of L(s, x). We normalize that the average 
spacings of zeros are equal to one. This reflects the fact that the multiplicity of such zeros 
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are all one. In other words, if we express their derivatives by the Dirac's delta function, the 
coeffients are one. We also observe that the blue curve oscillates if and only if x 2 = 1- The 
behavior near t = depends on whether x 2 = 1 or not. 




Figure 8. p x (t) for X3 
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Figure 9. p x (t) for xia 



Figure 10. p x (t) for X7t 



Figures 11 12 and 13 indicate the values 

1. 



R x (t) 



-ImlogLz I - + it, x 



1 



for X3, X7a, X7b, respectively, for x = p w (green), x = p wo (blue), x = p WO o (yellow) and 
oo (red). This also seems to reflect the property of DRH. The green, blue and yellow curves 



appear to converge to the red one more smoothly only when x 2 1 (Figure 12). In the other 
two cases, the curves oscillate many times near the origin. 

These figures also tell us that the values ImlogL(^ + it) are almost stable for nontrivial 
zeros j + it of the L- function, no matter how many prime numbers we take into account. This 
suggests that the nontrivial zeros are analogs of the critical points in physics. 



Finally, Figure 14 show how the peaks of pit) with the smallest t in Figures M and 10 get 



closer to the zeros of L(s, x) under the same settings in Figures 11 12 and 13 
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Figure 11. R x (t) for X3 
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Figure 12. R x (t) for xia Figure 13. R x (t) for xib 
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Figure 14. Peaks in p(t) with the smallest t for \3 (left)) Xia (center) and xib (right) 
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